We consider a left-invariant dynamics on an arbitrary Lie group. We show that it is possible, when the output map is compatible with right multiplications, to build non-linear observers such that the error equation is autonomous. The theory is illustrated by an inertial navigation example.
I. INTRODUCTION
Symmetries have been used in the design of controllers and in optimal control theory ( [6] , [3] , [10] , [7] , [9] , [14] , [12] ). To our knowledge far less for the design of observers. In [11] , [8] , [5] some observers are developed for attitude estimation using in particular gyros measurements and quaternions. In [11] , [8] the authors use the group structure of SO(3) and its parameterizations by quaternions to derive observers. In section 2 we make an observer for attitude estimation using gyrometers, accelereometers, and magnetic measurements as in [11] . The construction of the observer relies on symmetries too and the construction method can be found in [1] , [4] , [15] . The observer obtained is very close to the one of [11] but it does not strictly respects the symmetries and it is such that the error equation is autonomous. The first contribution of the paper (section 2) is to derive an observer (system (2)) for attitude estimation using gyros, acceleros, and magnetic measurements such that the error equation is autonomous (equation (3)). Thus the state-error dynamics is independent of the trajectory and of the time t. The second contribution (section 3) is the generalization to the case of a left-invariant dynamics with right-compatible output on a Lie group. It is shown, that "mixing" left and right invariance one can obtain observers (equation (7)) such that the error equation (equation (8)) is autonomous. Their construction relies on methods relative to the construction of invariant observers [1] , [4] , [15] .
II. EXAMPLE

A. Magnetic-aided inertial navigation
It is necessary in order to pilot a flying body to have at least a good knowledge of its orientation. This holds for manual, or semi automatic or automatic piloting. In low-cost or "strap-down" navigation systems the measurements of angular velocity ω and acceleration a by rather cheap gyrometers and accelerometers are completed by a measure of the earth magnetic field B. These various measurements are merged (data fusion) according to the motion equations of the system. The estimation of the orientation is generally performed by an extended Kalman filter. But the use of extended Kalman filter requires much calculus capacity because of the matrix inversions. The orientation can be described by an element of the group of rotations SO(3), which is the configuration space of a body fixed at a point. We identify the orientation to the rotation which maps the earth frame (frame attached to the earth) to the body frame (frame attached to the body).
B. Motion equations
In the appendix we recall the link between quaternions and rotation matrices. Indeed elements of R 3 can be looked at as quaternions. We rather use quaternions than rotation matrices since they are more suited to computation and simulations. Indeed quaternions whose norm is 1 provide a global parameterization of SO(3) and it is easier to maintain the norm of a quaternion q equal to 1 rather than maintain a rotation matrix in SO (3) . The motion equations of kinematics for a flying rigid body write thanks to quaternions
where
• q ∈ H is the quaternion of norm one which represents the rotation which maps the earth frame to the body frame,
• ω(t) is the instantaneous angular velocity vector measured by gyroscopes,
• · is the non commutative quaternion multiplication.
So the state of the system is the quaternion q. We make an additional assumption. Indeed the
v is the acceleration of the center of mass of the body and G is the gravity vector. We suppose the acceleration of the center of mass is small with respect to G (quasi-stationary flight). Thus we make the approximation
The output is the specific acceleration y G = a and the magnetic field B measured by magnetometers in the body frame y B = q −1 · B · q. The measured output y are thus
C. A non-linear observer
A Luenberger observer or an extended Kalman filter is very "linear" by construction. Ifq denotes the estimated state, the usual correction terms are linear functions of the output errors
We consider a class of non-linear observers which take into account the geometric structure of the dynamics (1). They have the following form:
where the E i are smooth scalar functions of the output errorsq
vanishing when these errors vanish:
The e i are the quaternions associated to the canonical basis of R 3 (see appendix).
D. The error system
Instead of considering linear state-errors of the type ∆q :=q − q we consider the equivalent state-errors which use the quaternions multiplication · (instead of −):
It is an invariant quantity by right multiplication H ∋ q → q · h ∈ H for any h ∈ H. We havė
where E i (0, 0) = 0. The error dynamics r =q · q −1 does not depend on the trajectory t → q(t).
This reminds linear stationary theory, since the error obeys an autonomous differential equation.
E. First order approximation
A small error corresponds to r close to 1, where 1 is the unit quaternion. The choice of e 3 being arbitrary one can assume e 3 = G. Moreover one can suppose the earth magnetic field B to be horizontal by considering rather B − ( B. G) G than B, where . represents here the scalar product. It is easier to prove global convergence with Lyapunov arguments when we consider B to be horizontal (see section II-F). Thus one can choose e 1 = B. We write the small error r = 1 + ξ with ξ small. We have up to second order terms in ξ
where "×" represents the usual vectorial product of R 3 . ξ is looked at as a vector and ( ξ, η) j represents the j-th coordinate of ( ξ, η) on the canonical basis of R 3 × R 3 . Thus we have
Thus it is easy to choose the E i 's such that
We have exponential convergence of the linearized system around any trajectory and we have the choice of the time constants 1/K 1 and 1/K 2 .
F. A class of non-linear asymptotic observers
Inspiring from [4] , consider the following non-linear observer
It corresponds indeed to (2) . Simple computations show that its linear approximation for r close to 1 is exactly (4). Moreover for any K 1 , K 2 > 0:
for any initial condition. This results was partly shown in [4] and is shown in [11] . Notice q and −q correspond to the same rotation of SO(3).
The proof consists in taking the following Lyapunov function V (r) = r · B · r
III. GENERALISATION
The fact that the error dynamics obeys an autonomous differential equation can be extended in the general case where the state space (subset of H of quaternions whose norm is 1) is replaced by a Lie group G, and the dynamics (1) by a left-invariant vector field which can depend on t.
In all this section we use the same notations as in [2] . We suppose the real Lie group G to be of dimension n and we consider a left-invariant dynamics on G. One will show now that under some assumptions on the output map (compatibility versus right translations), one can build a non-linear observer such that the error equation satisfies an autonomous differential equation.
A. Left invariant dynamics and right compatible output
Consider the following dynamics :
where g is an element of G, and F is a smooth vector field on G. Let us suppose the dynamics is left-invariant, i.e:
where L h : g → h · g is the left multiplication on G, and L h * the induced map on the tangent space. L h * maps the tangent space T G| g to T G| hg . G is a group of symmetries for itself : for all h ∈ G, the change of variables g 2 (t) = h · g 1 (t) leaves the dynamics equations unchanged :
ω s is an element of the Lie algebra g of G. Indeed one can look at any left invariant dynamics on G as a motion of a "generalized rigid body" with configuration space G. Thus one can look at ω s (t) = F (e, t) as the "angular velocity in the body", where e is the group identity element.
We will systematically write the left-invariant dynamics (5)
Let us suppose that H : G → Y is a right G-compatible smooth output map . Inspiring from [1] one can define the right compatibility the following way : for all h ∈ G, there exists a smooth
where R h denotes the right multiplication on G (and R h * the induced map on tangent spaces).
This means the group action on itself by right multiplication corresponds to another group action on the output space. We consider left-invariant systems with right-compatible output.
In the example the dynamics is left invariant indeed
and the output
B. Observability
If the dimension of the output space is strictly smaller than the dimension of the state space (dim y < dim g) the system is necessarily not observable. This comes from the fact that, in this case, there exists two distinct elements g 1 and g 2 of G such that H(g 1 ) = H(g 2 ). If g(t) is a trajectory of the system, we have
and because of the left-invariance, g 1 g(t) and g 2 g(t) are also trajectories of the system:
But since H is right compatible:
The trajectories g 1 · g(t) and g 2 · g(t) are distinct and for all t they correspond to the same output.
The system is unobservable.
C. Construction of the observer
According to a result of [4] , one can characterize all left G-invariant observers, that is to say observers such that the dynamics of the observer is left-invariant itself. But here we are going to proceed otherwise, even if we use the methods developed for the construction of invariant observers. We know there exists a right-invariant frame( [13] ) (W 1 , ..., W n ), that is to say a set of n G-invariants linearly independent pointwise vector fields on G. They verify
where e denotes the identity element of the group G. This relation allows us to build them.
Moreover thanks to the Cartan moving frame method we know how to build right invariant output maps ( [1] ), i,e, smooth scalar functions E i of the estimated stateĝ and of the output H(g), which verify :
The first equation corresponds to invariance by right multiplication and the second one justifies the term "error" : these functions are equal to 0 whenĝ = g.
We consider observers of the form
where the E i 's are right-invariant errors, (W 1 , ..., W n ) is a right-invariant frame and where y = H(g) is the output. It seems to be the most general form of observers for which our result on error equation is valid.
D. The error system
Let us define the error (invariant by right multiplication) G ∋ r = (ĝg −1 ) = Lĝ(g −1 ). The error dynamics verifiesṙ
Indeed we haveṙ
We have
But invariance implies
And we have also
So we have an autonomous differential equation independent from the trajectory t → g(t):
E. First order approximation
We suppose that r is close to e . Let ξ be the small element of the Lie algebra g such that r = exp ξ. Let p = dim y be the dimension of the output, we have
where we call E = (E 1 , ..., E n ).
Let us define a scalar product on the tangent space g at e , and let us consider the adjoint operator of DH | e in the sense of the metrics associated to the scalar product. The adjoint operator is denoted by (DH | e ) T and we take for all η ∈ g close to zero
Thanks to right invariance of E it is possible to define E without ambiguity for all (ĝ, g) witĥ
The first order approximation writeṡ
and for K > 0, admits as Lyapunov function ξ 2 which the length of ξ in the sense of the scalar product.
F. A class of non-linear first-order convergent observers
Consider the following observers :
where the E i 's are smooth scalar functions. Using the first order approximation design, take E = (E 1 , ..., E n ) such that the symmetric part (in the sense of the scalar product chosen on
T G e ) of the linear map
is negative. When it is negative definite, we get locally exponentially convergent non-linear observers around any system trajectory.
IV. CONCLUSION
We show in this article that when a group of symmetries acts on itself and when the dynamics is left invariant and the output map is right compatible, we can build non-linear observers for which the error equation follows an autonomous differential equation. The construction is based on the notion of invariant output error ( [1] , [12] ).
If the output is left-invariant one can show the error equation only depends on the error r and is still independent on the trajectory but in this case it can depend on the time t if ω(t) depends 
To any quaternion q whose norm is 1 one can associate a rotations matrix R q ∈ SO(3) the following way q −1 · p · q = R q · p for all p.
